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Ch ' Abstract 

a ■ 

p ■ We consider an effect generated by the nonexponential behavior of 

the survival amplitude of an unstable state in the long time region: In 
1957 Khalfin proved that this amplitude tends to zero as t goes to the 
infinity more slowly than any exponential function of t. This effect can 
■ be described in terms of time-dependent decay rate 7(1) and then the 

f-*- ! Khalfin result means that this 7(1) is not a constant for long times but 

that it tends to zero as t goes to the infinity. It appears that a similar 
conclusion can be drawn for the energy of the unstable state for a 
large class of models of unstable particles: This energy should be much 
5o ', smaller for suitably long times t than the energy of this state for t of 

the order of the lifetime of the considered state. Within a given model 
£> . we show that the energy corrections in the long (t — ► oo) and relatively 

^ I short (lifetime of the state) time regions, are different. It is shown that 

$h ' these corrections decrease to £ = £ m in < as t — ► 00, where £^ is the 

energy of the system in the state \(j>) measured at times t ~ = -. 
This is a purely quantum mechanical effect. It is hypothesized that 
there is a possibility to detect this effect by analyzing the spectra of 
distant astrophysical objects. The above property of unstable states 
may influence the measured values of astrophysical and cosmological 
parameters. 
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1 Introduction 



Within the quantum theory the state vector at time t, | $(£)), for the physical 
system under consideration which initially (at t — to = 0) was in the state 
|$) can be found by solving the Schodinger equation 

iK^\$(t)) = H\$(t)), |$(0)) = |$), (1) 

where |3>) € TC, 7i is the Hilbert space of states of the considered sys- 

tem, || |$(i))|| = || |$)|| = 1 and H denotes the total selfadjoint Hamiltonian 
for the system. If one considers an unstable state |<&) = \<p) of the system 
then using the solution \<p(t)) of Eq. for the initial condition |0(O)) = \<p) 
one can determine the decay law, V</>(t) of this state decaying in vacuum 

V^t) = \a{t)\\ (2) 

where a(t) is probability amplitude of finding the system at the time t in the 
initial state |</>) prepared at time to = 0, 

a(t) = tfMt)). (3) 

We have 

a(0) = I. (4) 

From basic principles of quantum theory it is known that the amplitude 
a(t), and thus the decay law V^it) of the unstable state |0), are completely 
determined by the density of the energy distribution u{£) for the system in 
this state [T], 

a{t) = [ u{S) e~i Et d£. (5) 

JSpec.{H) 

where u>(£) > 0. 

Note that ((SJ) and (j4]) mean that there must be 

o(0) = / uj(£)d£ = 1. (6) 

From the last property and from the Riemann-Lebesgue Lemma it follows 
that the amplitude a(t), being the Fourier transform of u(£) (see (jSJ)), must 
tend to zero as t — > oo PQ. 
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In [2] assuming that the spectrum of H must be bounded from below, 
(Spec.(H) > — oo), and using the Paley- Wiener Theorem [3] it was proved 
that in the case of unstable states there must be 

\a(t)\ > Ae~ ht \ (7) 

for \t\ — ► oo. Here A > 0, b > and < q < 1. This means that the decay 
law V^>{t) of unstable states decaying in the vacuum, (jSJ, can not be described 
by an exponential function of time t if time t is suitably long, t — > oo, and 
that for these lengths of time V^(t) tends to zero as t —>■ oo more slowly 
than any exponential function of t. The analysis of the models of the decay 

processes shows that V^t) ~ e n , (where 7° is the decay rate of the state 
|0)), to an very high accuracy for a wide time range t: From t suitably later 

7° 

than some T ~ t Q = but T > t Q up to t ^> = and smaller than 
t = t as , where t as denotes the time t for which the nonexponential deviations 
of a(t) begin to dominate (see eg., [2], [1] [S]). From this analysis it follows 
that in the general case the decay law V<f,(t) takes the inverse power-like form 
t~ A , (where A > 0), for suitably large t > t as 3> [2], [1] [7]. This effect is 
in agreement with the general result 0. Effects of this type are sometimes 
called the "Khalfin effect" (see eg. 0). 

The problem how to detect possible deviations from the exponential form 
of V^{t) at the long time region has been attracting the attention of physicists 
since the first theoretical predictions of such an effect [El CD], E] • Many tests 
of the decay law performed some time ago did not indicate any deviations 
from the exponential form of V^ii) at the long time region. Nevertheless 
conditions leading to the nonexponetial behavior of the amplitude ait) at 
long times were studied theoretically [12] - [IS]. Conclusions following from 
these studies were applied successfully in experiment described in [T7], where 
the experimental evidence of deviations from the exponential decay law at 
long times was reported. This result gives rise to another problem which now 
becomes important: if (and how) deviations from the exponential decay law 
at long times affect the energy of the unstable state and its decay rate at this 
time region. 

Note that in fact the amplitude a(t) contains information about the decay 
law V$(t) of the state \<j>), that is about the decay rate 7° of this state, as 
well as the energy £® of the system in this state. This information can be 
extracted from a(t). Indeed if \(j>) is an unstable (a quasi-stationary) state 
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then 

a(t) = e~tt S * ~ (8) 

So, there is 

e ° - V = in ^ — (9) 

b * 2^~ in dt a(ty [J) 
in the case of quasi-stationary states. 

The standard interpretation and understanding of the quantum theory 
and the related construction of our measuring devices are such that detect- 
ing the energy £® and decay rate 7° one is sure that the amplitude a(t) has 
the form (jSj) and thus that the relation (Q occurs. Taking the above into ac- 
count one can define the "effective Hamiltonian" , h^, for the one-dimensional 
subspace of states 7i\\ spanned by the normalized vector \<f) as follows (see, 

eg. im) 

, def .f. da(t) 1 , , 

h * = lh -w^j- (10) 

In general, can depend on time t, = h^it). One meets this effective 
Hamiltonian when one starts with the Schrodinger Equation ([T]) for the total 
state space TC and looks for the rigorous evolution equation for the distin- 
guished subspace of states TC\\ C TC. In the case of one-dimensional H\\ this 
rigorous Schrodinger-like evolution equation has the following form for the 
initial condition a(0) = 1 (see [18J and references one finds therein), 

Relations (1101) and fllip establish a direct connection between the amplitude 
a(t) for the state \4>) and the exact effective Hamiltonian h^it) governing the 
time evolution in the one-dimensional subspace 7i\\ 3 \4>). Thus the use of 
the evolution equation (jlip or the relation fflOl) is one of the most effective 
tools for the accurate analysis of the early- as well as the long-time properties 
of the energy and decay rate of a given qausistationary state \<j>(t)). 

So let us assume that we know the amplitude a(t). Then starting with 
this a(t) and using the expression (flOl) one can calculate the effective Hamil- 
tonian h$(t) in a general case for every t. Thus, one finds the following 
expressions for the energy and the decay rate of the system in the state \<f>) 
under considerations, 

= = 3fc(fy(f), (12) 

70 = 7^(*) = -29f(M*)> ( 13 ) 
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where 3? (z) and S (z) denote the real and imaginary parts of z respectively. 

As it was mentioned above the deviations of the decay law V^t) from the 
exponential form can be described equivalently using time-dependent decay 
rate. In terms of such 7^(t) the Khalfin observation that V$(t) must tend 
to zero as t — ► oo more slowly than any exponential function means that 
7^(t) < 7° for t > t as and lim^oo 7 (t) = 0. 

Using (TTU]) and flT2}, (USD one can find that 

^(0) = {<t>\H\<j>), (14) 

es~T+) ^ si ± ^(o), (is) 

7^(0) = 0, (16) 
7*(*~r^) ~ 7°- (17) 

The aim of this talk is to discuss the long time behaviour of £$(f) using 
a(t) calculated for the given density uj{£). We show that £$(£) — > £ m in as 
t — > oo for the model considered and that a wide class of models has similar 
long time properties: ^(t)!^^ ^ £%■ It seems that in contrast to the 
standard Khalfin effect |2] in the case of the quasistationary states belonging 
to the same class as excited atomic levels, this long time properties of the 
energy £${t) have a chance to be detected, eg., by analyzing spectra of very 
distant stars. 



2 The model 

Let us assume that Spec.(H) = [£ min , oo), (where, £ m %n > — oo), and let us 
choose co(£) as follows 

u(£) = -0(£- £ mm ) ^ (18) 

2tt (f _ E oy + Q±y 



where AMs a normalization constant and 

6(£) = 

For such u}(£) using (jSJ) one has 



1 for £ > 0, 
for £ < 0, 



a(t) = g.r 7 " , e-i a dg, (19) 

2vr J Smin ( S _ s oy + ^y 
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where 

i i r ^ 



Formula ffT9l) leads to the result 



i o - 7 ° 





+(-l)B,(-^(£5-£ m ,„-^)t)]}, 

where E\(x) denotes the integral-exponential function [T9l 120] . 
Using (|T9l) or (I2TT) one easily finds that 

tt^ = (<5-^J)a(f) + Aa(t), 



where 



7T 2 



So, 



where 



and 



a 4> — c <t> 2 '0' 



AA,w = + Aa(t) 



a(t) 

Making use of the asymptotic expansion of Ei(x) 



where | argz| < §7r, one finds 



and 



271" 1 I /l^ £-min | 2 ^ 

| "-(A ^mvn | v t / ' 



Aa(t)l,_ = "ST « * { | fe »- £ „„„| 2 7 



\h0 _ f . 14 U 
| IL ( f ) '-"mtn | x v 

These two last asymptotic expansions enable one to find (see (126 
Aa(t) 



A^(t)| 



<—>oo 



a(t) 



t— >oo 



Thus, there is 



for the considered case ( fT8l) of u(S). 
From (T3TT) it follows that 

st>(hjt)\ \ d ± i foo^ f , o £ <t> ~ E min shy 

JL ^"^^yi^oo; — °0 — ''mm I J,0 _ p I 2 W / '-mini 



t— »oo 



where = *->«,, and 

h 



t— »oo 



coo cO 

c 4> < <V 



The property (1321) means that 

»(M*)lt-J 

For different states \<f>) = \j), (j = 1, 2, 3, . . .) one has 

CO _ C fO_c 



(34) 



coo coc 



h° — £ ■ I 2 I h° — £ • I 2 

± £°-£$^0. 



1. 



Note that 



9(M*)lt-*o 

whereas in general 7° 7^ 7°. 



Si 



The most interesting relations seems to be the following one 

Coc 
°1 



(35) 
(36) 



• x _ Ox 

Coo £°° 

3 <f>4 



and 



ef 




£1 




\4 


-f - I 2 




-f - 1 2 


£ 3 ° 










-f - I 2 




-F - I 2 


°i 








CO 

c 3 


CO ' 

C-4 







(37) 



^4- 

72 



(38) 



The relation ( 1371) is valid also when one takes |1) instead of |3) or |2) instead 
of |4). It seems to be interesting that relations (1371) . (1381) do not depend on 
time t. 

Note that the following conclusion can be drawn from (|35|) : For suitably 
long times t > t as there must be 



\£™ - £?\ < I £l 



£°\ 

°2\- 



(39) 



These suitable times can be estimated using relation (j28|) . From (1281) one 
obtains 



\a(t)\ 



t—>oo I 



*r2 t # 

iV 2 e ft 1 + 



4vr 2 - £„ 



f 2 



+ 



(40) 



Relations ( |30l) — ( |39l) become important for times t > t as , where t as denotes 



the time t at which contributions to \a(t)\ 



t— >oo I 



from the first exponential 
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component in (141) p and from the second component proportional to h are 
comparable. So t as can be be found by considering the following relation 

A*~± (7 ' )2 (41) 
47T J |ft» - £ mi „|" i 2 V ' 

Assuming that the right hand side is equal to the left hand side in the above 
relation one gets a transcendental equation. Exact solutions of such an equa- 
tion can be expressed by means of the Lambert W function [21] . An asymp- 
totic solution of the equation obtained from the relation (|4T!) is relatively easy 
to find [22]. The very approximate asymptotic solution, t as , of this equation 
for (%) > 10 2 (in general for (%) — > oo) has the form 

14, ' 7$ 

ryOf CO C 

1(f) ^as - . w <~-n 



8,28 + 4 In 



+ 2 1n[8,28 + 4 1n( g0 "5"™ )] + ... . ( 42 ) 

3 Some generalizations 

To complete the analysis performed in the previous Section let us consider a 
more general case of a(t). Namely, let the asymptotic approximation to a(t) 
have the form 

t N 

a(t) ~ e-'B^^tS*' (43) 

t^oo k=0 

where A > and are complex numbers. The simplest case occurs for 
£min — 0. Note that the asymptotic expansion for a(t) of this or a similar 
form one obtains for a wide class of densities of energy distribution u(S) 

Ei a ei Hi, na-ng, m- 

From the relation fl43l) one concludes that 



dt 



h 



{-- h £ mm -j:(\+k)^}. (44) 



k=0 
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Now let us take into account the relation (11 II) . From this relation and 
relations <H3|> . (1341) it follows that 

Kit) ~ £ min + -j + -± + + . . . , (45) 

t— *oo 

where di, d^-, ds, . . . are complex numbers with negative or positive real and 
imaginary parts. This means that in the case of the asymptotic approxima- 
tion to a(t) of the form (143p the following property holds, 

lim h^t) = £ min < £°. (46) 

It seems to be important that results (j4"5|) and fj46l) coincide with the 
results ( T3TT) — (135]) obtained for the density u>(£) given by the formula f|T8|) . 
This means that general conclusion obtained for the other u{£) defining 
unstable states should be similar to those following from (j5T|) — f!55]) . 



4 Final remarks. 

Let us consider a class of unstable states formed by excited atomic energy 
levels and let these excited atoms emit the electromagnetic waves of the 
energies £^ = £®. k = h v^. k (where , k denotes the frequency of the emitted 
wave, and £®. is energy emitted by an electron jumping from the energy 
level rij to the energy level n*.). Then for times t > t as , according to the 
results of the previous sections, there should be 

*%u < <V ( 47 ) 

So in the case of electromagnetic radiation in the optical range registered by 
a suitably distant observer this effect should manifest itself as a red shift. 
In a general case this effect should cause a loss of the energy of the emitted 
electromagnetic radiation if the distance between an emiter and receiver is 
suitably long, that is if the emitted radiation reaches such a distance from the 
emitter that the time necessary for photons to reach this distance is longer 
than a maximal range of time of the validity of the exponential decay law for 
the excited atomic level emitting this radiation. 

It can be easily verified that relation fl37j) do not depend on the redshift 
connected with the Doppler effect |24l . Indeed let the excited atoms emit 



10 



the electromagnetic waves and let them move away from the observer with 
the velocity v. Then, the observer's measuring devices will show that the 
energies emitted by these moving atoms are £^ v k - The energy £® h emitted 
by this same source at rest is connected with £®\® by the Doppler formula 

< ( 4§ ) 

where k = !— ^— and 8 = -, and 

£0,v_ g 0,v = ,g0 cO N / 49) 

From (gHD and (gSJ) it follows that 

cO,u C0,v cO cO 

"It "2fc "It "2fc (|-rA 

cO,v _ p 0,v CO _ CO • v dU ' 1 

Cn 3k c n 4k S 3t St 

Now, let us assume for a moment that the u(£) given by the formula 
(fI8|) describes the considered sources with the sufficient accuracy. Next if 
one additionally assumes that in the distant past photons of energies, say 
^n jk i U = 1)2), were emitted and that the sources of this emission were 
moving away from the observer with known constant velocity v, then at the 
present epoch this observer detects energies £^° k ' = f n££° k , where £%° jk = f 
$l{h njk (t)\ . If the moment of this emission was at suitably distant past 
then according to the results of Sec. 2 (see (139]) ) it should appear that 

I coo / coo '1^1 cO,v c0> v I „ | cO _ cO I fr-i \ 

\°n lk °n 2h I ^ \°n lk °n 2k I ~ K I °n lk °n 2k \> \ 0L ) 

and 

coo coo cO cO 

"it "2fc / n lk °n 2k 

Coo _ Coo 'CO _ C ' V ' 

"3t ™4fc ™3fc ™4fc 

Therefore it seems that there is a chance to detect the possible effect described 
in this paper using relation (13?]) and analyzing spectra of distant astrophysical 
objects. It can be done using this relation if one is able to register and analyze 
at least three different emission lines from the same distant source. Another 
possibility to observe this effect is to modify the experiment described in [17] 
in such a way that the emitted energy (frequency) of the luminescence decays 
could be measured which could make possible to test relations (]IT]) or fl39l) . 

Unfortunately, the model considered in Sec. 2 does not reflect correctly all 
properties of the real physical system containing unstable states. Therefore, 



11 



formula (1371) obtained within this model can not be considered as universally 
valid and it does not lead to the expressions correctly describing real prop- 
erties of very distant astronomical sources of electromagnetic radiation. The 
defect of this model is that some quantities calculated within it are divergent. 
Indeed from (j3J), (jSJ) and (JTJ one finds that 

= (0IW>, (53) 

but inserting into (jHJ) the density U)(8) given by ( fT8l) . relation ( J53l) yields 
(<fi\H\<j)) = oo. For this same reason h^it) and Ah^if) computed for u(£) 
given by (jl8l) are divergent at t — 0: h^(= 0) = oo, Ah<f,(t = 0) = oo. Nev- 
ertheless, taking into account that a very wide class of models of unstable 
states leads to a similar asymptotic long time behaviour of a(t) to this ob- 
tained for the model considered in Sec. 2, some general conclusions following 
from the results of Sec. 2 and 3 seem to deserve more attention. 
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